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VIBRATIONS OF A SEGMENT OF A VARIABLE-LENGTH LONGITUDINALLY-MOVING STRING

V.V. POPOV

The problem of string vibrations on a section of uniformly changing length
was examined in /1/. Transformation belonging to the one-dimensional wave
equation group were utilized in /2/ for the solution in the case of an
arbitrarily changing length.

An analogous problem is examined below for an arbitrarily moving
string. By the successive application of the Galileo and Lorentz trans-
formations it is reduced to a boundary value problem for the wave equation
on a section with one moving end, which results in a problem for a segment
with fixed ends. The general solution of the problem on waves on a
section of variable-length moving string is represented in the form of a
sum of natural vibrations. A procedure is proposed for determining the
coefficients of the eigenfunction expansion of the solution for initial
conditions given in the original variables.

1. The equation describing wave propagation in a string moving at constant velocity v
along the z. axis has the form
Uy + 20Uy — (€2 — V?) Uy = 0 (1.1)
where ¢ is the wave velocity in the string at rest. We consider the boundary value problem
on a segment whose left end is fixed, while the right moves according to the law 2z = A (t),
A @) =1, in the general case. In the special case of a uniformly moving end A (t) =14 (v +
w)t, where w is the velocity of motion of the end relative to the string material. A taut
string rewinding from one coil to another is the simplest model satisfying (1.1l) in the
interval [0, ! + (v + w) t], where the distance between the coils changes. It is assumed that
vl<e fw|<e (1.2)

which corresponds to the precritical case.
If the velocities ¢, =¢+ v,cy =c—v are introduced, then (1.1l) can be written in
the form
Ut + (o1 — €3) Upx — C103Uzx = 0
This equation describes a one-dimensional system in which the waves in the forward and
reverse directions propagate at different velocities /3/. An example might be a hose in

which a fluid, considered as an inertial load, flows at a velocity v,. The equation of the
hose vibrations has the form

(Po + Pr)us + 200pgurs + (poe® — T) Uy = 0 (1.3)

where p, and g, are the linear densities of the fluid and the shell while T is the tension.
If the problem is posed for a section, where one of its ends moves at the fluid velocity v,
(the hose is filled with fluid), then instead &f the boundary value problem for (1.3) the
problem can be considered for (1l.1), where the string parameters are expressed in terms of
the hose parameters according to the formulas

2 T __pewd p = P S )
Po+ P (Po 401 ° o+’ Po+ P

We limit ourselves to problems with the simplest conditions at the segment ends
u(t, ) =u(, A() =0
We take the initial conditions on the segment [0,!] for (1.1) in the form

u (0, z) = @ (2), u; (0, ) = (z) (1.4)
2. To solve the problem we construct a transformation that reduces it to a problem for
the wave equation on a fixed segment. Carrying out the Galileo transformation =z, =z — i,
{, = 1. we obtain the following equatich instead of (1.1l) (we omit the subscript 1):

Uge ~— gy =0 (2.1)
where the interval [0, I + (v 4+ w)t] transfers into the interval [—wut, I + wt], and we have in
place of the initial conditions (1.4)
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u (0, 1) = ¢ (@), u (0, 2) = (z) (2.2)
P (z) = @o (), ¥ (x) = o () + VO, (x)/0x
(The case of an arbitrarily moving end will be examined below) .
To obtain segments with one moving end, we apply the Lorentz transformation

r_ x4t r__ t4Bzfc _ v
= ViR t——*——},mz, B=— (2.3)
to (2.1). We then obtain
Upp — gy = 0, 2 [0, I' + ] (2.4)

We find the quantities I’ and v’ by substituting z=1[ 4 wt into (2.3) and eliminating the
variable t from the relationships obtained

,__vtw ,_l]/_i—-ﬂﬂ v
v=tfy t=am (=)

The first of the formulas, the "relativistic law of addition of velocities", shows that
v remains in the precritical domain since |v' |<e¢ follows from the inequalities (1.2).
The second formula shows that the length of the interval experiences an additional change in
addition to the "Lorentz contraction" (the radical in the numerator) for w = 0, because of
motion of the end. Being in the domain of applicability of Newtonian mechanics, we regard
the passage to t',z' as a formal procedure.

The one-dimensional wave equation allows an infinite group of transformations

’ z’ . z’
e=f(r +2)—1(r— %), (2.5)
1 ’ z' ’ z
=1+ ) (e =)
where f is an arbitrary function. The change of variables (2.5) transfers the point &' =0

to the point & =0. If f is taken in the form (we assume v'%0, i.e., w#£ — )

L ¢ v
f(z)=Tln(u'z+l’), y=In-—7H
then the interval [0, 1" 4+ »'t'] becomes the interval [0, L], L = const. The general solution of
the equation u; —c?upz =0 in [0, L] is represented as the sum of natural vibrations

3 .k kner . knev
u=251n—g§(ak cos —— + by sin — ) (2.6)
=1
The variables T, & are expressed in terms of the variable ¢, x of the original problem
on the vibrations of a moving string in a uniformly changing segment with zero boundary con-
ditions by means of the formulas

N T =L _—pr
=gt v=ghn [ b @1
v4-w

A=+ uwt+14 ¥ X

The asymmetry of the wave phenomena inherent to a moving string is expressed in the
appearance of different coefficients for the z coordinate for the forward and reverse waves.
For v =10 the solution (2.6) and (2.7) reduces to the solution obtained in /1/.

3. We determine the coefficients a; and b, by means of the initial data in the
variables ¢,z in two stages. We first find the functions

Ulpmo=q1(z), wlrmo=11(z"), 2 &[0,7] 3.1)

in terms of the functions ¢ and ¢ given in the segment [0, Il for t =0, and then we apply
the algorithm to find the coefficients for a problem with one moving end.

In the ¢, z plane (see the sketch, where the case » >0, w >0 is shown), the space-
like line OB with equation ¢ = — Px/c corresponds to the equation ¢’ =0. The lines OF
and AB correspond to moving boundaries and have the equations z= — vt and z=1+wt. The
initial conditions should be carried over from the segment OA to the segment OB, i.e., the
reverse development of the wave process in time should be traced in the triangle AOB. The
point B (tg’ =0, zz’' = 1) in the ¢, z plane has the coordinates t¢g= — Bic' (1 + af)™, zz =
1{1 4 ap)™.

The general solution of Eq.(2.4) has the form

u, ') =u, (' + z'/c) + uy (t' — 2'lc)

Since the characteristics ¢ -+ z/c = const carry disturbances directly from OA to OB, the
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formula
, ' ' xtet
x
w(t+L)=7go@+d++ (vord (3.2)
1
is valid in the whole triangle (QAB (the arbitrary constant on the right side of (3.2), which
drops out of the final results, is omitted). A formula analogous to (3.2) but with ¢ replaced
by - ¢ is valid just for the triangle OAD. The point D is a point
5 of intersection of characteristics of the form ¢ — z/c = comst that
J pass through the point 4 and the line OB and has the coordinates
JA tp=—Pler (1 + B zp =11+ Py or tp' =0, 2p’ =(1 — By (1 + B).
<z Waves reflected from AB are incident on DB. The reflection
condition is determined from the relationship u (¢, I + wt) =0 and
has the form

g

u(t(l ta)Fley=—u, (t(1 — a) — lc)
or
(c+w)z+2!)
T e—w

ug(z).—_—ul( -

from which there follows
z 1 1 + —z) 4 2
uz(t——c )——-——2 o) — §1p(y)dy, g_—%‘

2¢ c—w
0

We thus have for the triangle ADB

x-}ct
Ut 2) =5 9z + oty — 59 (0) + o S«p(y)dy (3.3)
and for the triangle AOD
1 1 "
u(t,x)=—2—q>(x+ct)+7cp(.t—ct)+7 S P(y) dy (3.4)
x—ct

Changing to the variables t’, ', setting ¢ = 0, and introducing the notation

’ 1 and ’ ’

) = ———1+g x, Ty = ——:ig 4y (35)

P2 1+ a 148

BET—g T T—w ¥V T—p

we obtain
1 1
n@)=50@)+5o@) + 5 S Ydy, 02’ <Cap' (3.6)
For zp' < 2’ I’ we should replace ¢ (z,’) by — ¢ (z3') and z,’ by z;’. Using the formula
a 1 a a
G 78 vy (W-”E)

that follows from (2.3), and expressions (3.3) and (3.4), we have (the prime on a function
denotes the derivative with respect to its argument)

0@ == [ =P @) — 51+ B ) + 3.7)

TU—Bb@) + T A+ BeE)], 0<z <z’

For zp' 2’1" we should replace ¢’ (z;') by (1 4+ @) (1 — a)-1g'(z,") and ¢ (z,’) by — (1 +
@) (1 — @) (zy).
Formulas (3.5)—(3.7) hold even for w = — v when the length of the string segment does
not change. The problem of expanding the general natural vibrations solution of (l1.l) for a
segment of moving string of constant length is of independent interest. In this case the
general solution has the same form (2.5) for § = z’,t = t’, while the coefficients a, by are
expressed in terms of the functions (3.6) and (3.7) (in which we must put @ = — B, and also,
taking (2.2), into account, @ = @4, Y = P, + vp,’) by means of the standard formulas
14 1
ak=%sq’1(y)sin-%’~dy, bk=—?,—StIh(y)sin—k;‘,—ydy
0 0
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Returning to the variable-length section, we represent the solution (2.5) in the form

u=F(‘t+%)—F<t—%)'

F(3) =%i(ak sin%z—bk cos%z)

=1
From (2.5) if follows for an arbitrary function f

x

E 2 il
Ti‘r—-'c—f(‘ —+T)
which yields

o= (o4 2) (21— 2)

By satisfying the initial conditions (3.1), we obtain the relationship

zp(%f(i—ji))=mi(z')=%§M(y>dyiwl(z'>, 0Ll

(here the arbitrary constant is also omitted). If ¢, and 4, are continued in the interval
[—7F, 0] in an uneven manner, we can write

Z a; sin [%—f (:—)] — by cos [%—lk—f(%l)] =, (z)

=1
This relationship holds for — I’ { 2’ { !' from which these formulas follow

()= § o)A (L)

4. In the general case of a non-uniformly moving end z’ = A, (), the construction of a
mapping of the segment [0, A, (f)] into the segment [0,L] reduces to solving the functional
equation

f@&+A () —f& — A ()e)= L (4.1)
which is a difficult problem. Following /2/, it is simpler to solve the inverse problem:
given the function f, find A, () from (4.1).

As an illustration, we take

f(z) = (az + ) (4.2)
In the ¢,z plane the moving end of the segment describes the hyperbola
2,2 ’
= —2—2:—_(a:'+b)~=0

Changing to the variables ¢,z we obtain the law of motion for the end z= A (1) in implicit

form
atz?® 2a%tz a¥? 2abt 2az
T T e(d—p)  1—-F T Yi—-p cyIi-p

This will also be a hyperbola. By specifying different functions f(s), a set of exact
solutions of the form (2.6) can be obtained for different laws of segment length variation.
The coefficients a, by are here determined by (3.8) by known initial conditions of the form
(3.1). If the initial conditions are given in the variables t,z, then they should be carried
over to the segment OB (see the sketch) with the reflection condition taken into account
on the curvilinear segment AB. This will be the arc of a hyperbola for the case (4.2).

In conclusion, we note that the existence of the expansion (2.6) for the arbitrary
vibrations of a moving string in natural vibrations with constant coefficients indicates the
presence of stationary characteristics of the non-stationary vibrational processes being
considered.

(L +8o) =t
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